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The Best Card 
Trick 
Michael Kleber 

ou, my  friend, are about to wit- 
ess the best card trick there is. 

Here, take this ordinary deck of  cards, 
and draw a hand of f ive  cards f rom 
it. Choose them deliberately or ran- 
domly, whichever you prefer--but do 
not show them to me! Show them in- 
stead to m y  lovely assistant, who will 
now give me four  of them: the 7~,  
then the Q ~P, the 8,$,, the 3 0 .  There 
is one card left in your hand, known 
only to you and m y  assistant. And the 
hidden card, m y  friend, is the K&. 

Surely this is impossible .  My lovely 

ass is tant  pas sed  me four  cards, which 
means  there  are  48 ca rds  left that  could  
be the h idden one. I received the four 

cards  in some specif ic  order, and by  
varying that  o rde r  my  ass is tant  could  
pass  me some information:  one of  4! = 

24 messages.  It s eems  the bandwid th  is 
off by  a fac tor  of  two. Maybe we are  

passing one ex t ra  bi t  o f  informat ion il- 
licitly? No, I assure  you: the only in- 
format ion I have is a sequence of  four  

of  the cards  you chose,  and I can name 
the fifth one. 

The Story 
f fyou haven ' t  seen  this  t r ick  before,  the 
effect real ly is remarkable ;  reading it in 
print  does  not  do it just ice .  (I am for- 

ever  indebted  to a g radua te  s tudent  in 
one audience  who b lur ted  out  "No 
way!" jus t  before  I named  the hidden 

card.)  Please  take  a momen t  to p o n d e r  
how the t r ick  could  work, while I re- 

late some his tory  and delay giving 
away  the answer  for  a page or  two. 

Fkilly apprecia t ing  the  t r ick  will involve 

a lit t le informat ion theory  and applica- 

t ions of  the  Birkhoff -von Neumann 
theorem as well as  Hall 's  Marriage 

theorem.  One caveat,  though: hil ly ap- 
prec ia t ing  this ar t ic le  involves taking 

its t i t le as a bi t  of  showmanship ,  per-  
haps  a persona l  opinion, but  certainly 

not  a p ronouncemen t  of  fact! 
The trick appeared  in pr int  in Wal- 

lace Lee's book  Math Miracles, ] in 
which he credits  its invention to  William 
Fi tch Cheney, Jr., a.k.a. "Fitch." Fitch 

was born in San Francisco in 1894, son 
of  a professor  of medicine at  Cooper  
Medical  College, which la ter  became 

the Stanford Medical  School. After re- 
ceiving his B.A. and M.A. from the Uni- 
versi ty  of California in 1916 and 1917, 

Fi tch spent  eight years  working for the 
Firs t  National Bank of  San Francisco 

and then as stat ist ician for the Bank of 
Italy. In 1927 he earned the first math 
Ph.D. ever awarded  by  MIT; it was su- 

pervised by C.L.E. Moore and ti t led "In- 
finitesimal deformat ion of  surfaces in 
Riemannian space." Fi tch was  an in- 

s t ructor  and assis tant  p rofessor  then at  
the University of  Hartford (Hillyer Col- 
lege before 1957) until his re t i rement  in 

1971; he remained an adjunct  until his 
death  in 1974. 

F o r  a look at  his ex t ra-mathemat i -  
cal  activities, I am indeb ted  to his son 
Bill Cheney, who writes:  

My father, William Fi tch  Cheney, Jr., 
s tage-name "Fitch the  Magician," 

first  became  in te res ted  in the  art  of  
magic  when at tending vaudevil le  
shows  with his pa ren t s  in San Fran- 

c isco in the ear ly 1900s. He devoted  
count less  hours  to learning sleight- 
of-hand skills and o ther  "pocket  
magic" effects with which  to enter- 

tain fr iends and family. F rom the 
t ime of  his initial teaching  assign- 
ments  at  Tufts College in the  1920s, 

he enjoyed in t roducing magic ef- 
fects  into the  c lassroom,  bo th  to il- 

1Published by Seeman Printery, Durham, N.C., 1950; Wallace Lee's Magic Studio, Durham, N.C., 1960; Mickey 

Hades International, Calgary, 1976. 
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lus t ra te  points  and to assure  his 
s tudents '  a t tent iveness.  He also 

t ra ined  himself  to be ambidex t rous  
(a l though natural ly  left-handed),  
and  amazed  his c lasses  wi th  his abil- 
i ty to  write  equat ions s imultane-  

ously  with both  hands,  meet ing  in 
the  cen te r  at  the "equals" sign. 

Each  month  the magazine  M-U-M, 
official publ ica t ion  of  the  Socie ty  of  

Amer ican  Magicians, inc ludes  a sec- 
t ion of  new effects c rea ted  by  socie ty  

members ,  and "Fitch Cheney" was  a 
regula r  by-line. A number  of  his con- 
t r ibut ions  have a mathemat ica l  feel. 
His ser ies  of seven "Mental Dice Ef- 

fects" (beginning Dec. 1963) will ap- 
pea l  to  anyone  who th inks  it impor tan t  
to  r e m e m b e r  whe ther  the  numbers  1, 
2, 3 a re  or iented c lockwise  o r  counter-  

c lockwise  about  their  c o m m o n  ver tex  

on a s t andard  die. "Card Sense" (Oct. 
1961) encodes  the rank o f  a ca rd  (pos- 
s ibly a joker )  using the four teen  equiv- 
a lence  c lasses  of  pe rmuta t ions  of  abcd  

which  remain  dist inct  if you dec lare  
ac  = ca  a n d  bd = db as substr ings:  the 

ca rd  is p laced  on a p iece  of  pape r  
whose  four  edges are  fo lded  over  (by 
the magician)  to cover  it, and  examin-  
ing the  c reases  gives p rec i se ly  that  
much  informat ion abou t  the  o rde r  in 
which  they  were  folded. 2 

While Fitch was a mathematician,  the 
five-card tr ick was passed  down via Wal- 

lace Lee's book and the magic commu- 
nity (I don ' t  know whether  it appeared  
earl ier  in M-U-M or not.) The t r ick seems 
to be making the rounds of  the current  

math  community and beyond,  thanks to 
mathemat ic ian and magician Art  Ben- 
jamm, who ran across  a copy of  Lee's 
book  at  a magic show, then taught the 
tr ick at  the Hampshire College Summer 
Studies in Mathematics p rogram s in 

1986. Since then it has turned up regu- 
larly in "brain teaser" puzzle-friendly fo- 

rums; on the r ec .puz z l e s  newsgroup, I 
once heard that  it was posed  to a can- 
didate at  a j ob  interview. It made  a re- 

cent  appearance  in print  in the "Problem 
Comer" sect ion of  the January 2001 

E m i s s a r y ,  t he  newslet ter  of  the Mathe- 
matical  Sciences Research Institute. As 
a result  of  writing this column, I am 

learning about  a slew of papers  in prepa-  
ration that  discuss it as well. It is a card 

tr ick whose t ime has come. 

The Workings 
Now to business .  Our "proof '  of  im- 

poss ibi l i ty  ignored the other  choice  my  
lovely ass i s tan t  gets to make:  which  of  
the five ca rds  remains  hidden. We can  

put  that  choice  to good use. With five 
cards  in your  hand, there  are  cer ta inly  
two of  the  same suit; we adop t  the  

s t ra tegy that  the  fLrst card my ass i s tan t  
shows  me  is of  the same suit  as the  

card  tha t  s tays  hidden. Once I see  the  
first card, there  are  only twelve choices  
for the  h idden  card. But a bi t  more  
c leverness  is required: by permut ing  

the three  remaining  cards  my ass i s tan t  
can send  me  one of  only 3! -- 6 mes-  

sages, and  again we are  one bi t  short .  
The remaining  choice my ass i s tan t  

makes  is which  card from the same-  

suit  pa i r  is d i sp layed  and which  is hid- 
den. Cons ider  the  ranks  of  these  ca rds  
to be two o f  the  numbers  f rom 1 to  13, 
a r ranged in a circle. It is a lways  possi-  

ble to add  a number  be tween  1 and 6 
to one ca rd  (modulo  13) and obta in  the  

other; this  amounts  to going a round  the  
circle "the shor t  way." In summary,  my  
ass is tan t  can  show me one ca rd  and 
t ransmi t  a number  from 1 to 6; I incre- 

ment  the r ank  o f  the card by the num- 
ber, and  leave the  suit  unchanged,  to 
identify the  h idden card. 

It r emains  only for me and my as- 

s is tant  to p i ck  a convent ion for repre-  
sent ing the number s  from 1 to 6. First ,  
to ta l ly  o rde r  a deck  of  cards: say  ini- 

tially by rank, A 2 3 . . .  JQK,  and b reak  
t ies by order ing the suits  as  in br idge 

(i.e.,  alphabet ica l )  order,  & 0 s &. 

Then the three  ca rds  can be thought  of  
as smallest ,  middle,  and  largest,  and 
the six pe rmuta t ions  can be ordered,  
e.g., lexicographical ly.  4 

Now go out  and  amaze  (and illumi- 
nate 5) your  friends. But, please:  jus t  

make  sure that  you and your  ass is tant  
agree on convent ions  and can name the 
h idden card flawlessly,  say  20 t imes  in 
a row, before  you t ry  this  in public. As 

we saw above, i t 's  not  hard  to name the 
h idden card  half  the  t i m e - - a n d  it 's 

tough to win back  your  audience  if you 
happen  to get the  first  one wrong. (I 
speak,  sadly, f rom exper ience . )  

The Big Time 
Our scheme works  beautiful ly with a 

s tandard  deck, a lmos t  as  if four suits 
of  thir teen cards  each  were  chosen  jus t  
for this reason.  Wh~le this sat isf ied 

Wallace Lee, we  would  like to know 
more.  Can we do this  with a l a rge r  deck  

of  cards? And if  we  rep lace  the hand  
size of five with n, wha t  happens?  

Firs t  we need  a be t t e r  analysis  of  the  
information-passing.  My ass is tant  is 

sending me a message  consis t ing of  an 
o rdered  set  of  four  cards;  there  are  
52 x 5 1 x  50 x 49 such messages.  

Since I see  four  o f  your  ca rds  and name 
the fifth, the  informat ion I ul t imately 

ext rac t  is an unorde red  set  of  five 
cards,  of  which there  are  (552), which 

for compar i son  we  should  wri te  as  
52 x 51 x 50 x 49 x 48/5!. So there  is 

p lenty  of  ex t ra  space:  the  set  of  mes-  

sages  is ~ s  ~ = 2.5 t imes  as  large as  the  
set  of  situations. Indeed, we can see 
some of  that slop space in our algorithm: 

some hands are encoded  by more than 
one message (any hand with more than 
two cards of  the same suit), and some 

messages  never  get  used (any message 
which contains the  card  it encodes).  

2This sort of "Purloined Letter" style hiding of information in plain sight is a cornerstone of magic. From that point of view, the "real" version of the five-card trick se- 

cretly communicates the missing bit of information; Persi Diaconis tells me there was a discussion of ways to do this in the late 1950s. For our purposes we'll ignore 
these clever but non-mathematical ruses. 

3Unpaid advertisement: for more information on this outstanding, intense, and enlightening introduction to mathematical thinking for talented high-school students, con- 

tact David Kelly, Natural Science Department, Hampshire College, Amherst, MA 01002, or dkelly@hampshire.edu. 
4For some reason t personally find it easier to encode and decode by scanning for the position of a given card: place the smallest card in the left/middle/right position 

to encode 12/34/56, respectively, placing medium before or after large to indicate the first or second number in each pair. The resulting order sml, slm, msl, Ism, mls, 
Ims is just the lex order on the inverse of the permutation. 

5If your goal is to confound instead, it is too transparent always to put the suit-indicating card first. Fitch recommended placing it (i mod 4)th for the ith performance 
to the same audience. 
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Generalize now to a deck with d 

cards, from which you draw a hand of 

n. Calculating as above, there are 

d(d - 1) �9 �9 �9 (d - n + 2)possible  mes- 

sages, and (gn) possible hands. The 

trick really is impossible (without sub- 

terfuge) if there are more hands than 

messages, i.e., unless d -< n! + n - 1. 

The remarkable  theorem is that this 

upper  bound  on d is always attainable. 

While we calculated that there are 

enough messages to encode all the 

hands, it is far from obvious that we 

can match them up so each hand is en- 

coded by a message using only the n 

cards available! But we can; the n = 5 

trick, which we can do with 52 cards, 

can be done with a deck of 124. I will 

give an algorithm in a moment,  but  first 

an interesting nonconst ruct ive  proof. 

The Birkhoff-von Neumann theorem 

states that the convex hull of the per- 

mutat ion matrices is precisely the set of 

doubly stochastic matrices: matrices 

with entries in [0,1] with each row and 

column summing to 1. We will use the 

equivalent discrete statement that any 

matrix of nonnegative integers with 

constant  row and column sums can be 

written as a sum of permutat ion matri- 

ces. 6 To prove this by induction (on the 

constant  sum) one need only show that 

any such matrix is entrywise greater 

than some permutat ion matrix. This is 

an application of Hall's Marriage theo- 

rem, which states that it is possible to 

arrange suitable marriages between n 

men and n women as long as any col- 

lection of k women can concoct a list of 

at least k men that someone among 

them considers an eligible bachelor. Ap- 

plying this to our nonnegative integer 

matrix, we can marry a row to a column 

only if their common entry is nonzero. 

The constant  row and column sums en- 

sure that any k rows have at least k 

colunms they consider eligible. 

Now consider  the (very large) 0 - 1  

matrix with rows indexed by the 
( d )  hands, columns indexed by the 

d ! / ( d - n  + 1)! messages, and entries 

equal to 1 indicating that the cards 

used in the message all appear in the 

hand. When we take d to be our  upper  

bound of n! + n - 1, this is a square 

matrix, and has exactly n! l ' s  in each 

row and column. We conclude that 

some subset  of these l ' s  forms a per- 

mutat ion matrix. But this is precisely a 

strategy for me and my lovely assis- 

t a n t - - a  bijection be tween  hands and 

messages which can be used to repre- 

sent  them. Indeed, by the above para- 

graph, there is not  jus t  one strategy, 

but  at least n!. 

Perfection 
Technically the above proof is con- 

structive, in that the proof of Hall's 

Marriage theorem is itself a construc- 

tion. But with n = 5 the above matrix 

has 225,150,024 rows and columns, so 

there is room for improvement.  More- 

over, we would like a workable strat- 

egy, one that we have a chance at per- 

forming without consult ing a cheat 

sheet or scribbling on scrap paper. The 

perfect strategy below I learned from 

Elwyn Berlekamp, and I've been told 

that Stein Kulseth and Gadiel Seroussi 

came up with essentially the same one 

independently;  likely others have done 

so too. Sadly, I have no information on 

whether  Fitch Cheney thought about  

this generalization at all. 
Suppose for simplicity of exposition 

that n = 5. Number the cards in the deck 

0 through 123. Given a hand of five cards 

CO < e l  < C2 < C3 < C4, my assistant will 

choose ci to remain hidden, where i = 

Co + cl + c2 + c3 + c4 mod 5. 
To see how this works, suppose the 

message consists of four cards which 

sum to s mod 5. Then the hidden card 

is congruent  to - s  + i mod 5 if it is ci. 

This is precisely the same as saying 
that if we renumber  the cards from 0 

to 119 by deleting the four cards used 

in the message, the hidden card's new 

number  is congruent  to - s  mod 5. Now 

it is clear that there are exactly 24 pos- 

sibilities, and the permuta t ion  of the 

four displayed cards communicates  a 

number  p from 0 to 23, in "base facto- 

rial:" p = d l l !  + d22! + d33!, where for 

lex order, di-< i counts  how many 

cards to the right of the (n  - i th) are 

smaller than it. 7 Decoding the hidden 

card is straightforward: take 5p + ( - s  

mod 5) and add 0, 1, 2, 3, or  4 to ac- 

count  for skipping the cards that ap- 

pear  in the message, s 

Having performed the 124-card ver- 

sion, I can report that with only a little 

practice it flows quite nicely. Berlekamp 

mentions that he has also performed the 

trick with a deck of only 64 cards, where 

the audience also flips a coin: after see- 

ing four cards the performer both names 

the fifth and states whether the coin 

came up heads or tails. Encoding and de- 

coding work just  as before, only now 

when we delete the four cards used to 

transmit the message, the deck has 60 

cards left, not 120, and the extra bit en- 

codes the flip of the coin. If the 52-card 

version becomes too well known, I may 

need to resort to this variant to stay 

ahead of the crowd. 

And finally a combinatorial  question 

to which I have no answer: how many 

strategies exist? We probably ought to 

count  equivalence classes modulo 

renumber ing  the underlying deck of 

cards. Perhaps we should also ignore 

composing a strategy with arbitrary 

permutat ions  of the message - - so  two 

strategies are equivalent if, on every 

hand, they always choose the same 

card to remain hidden. Calculating the 

pe rmanen t  of the aforement ioned 

225,150,024-row matrix seems like a 

bad way to begin. Is there a good one? 
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6Exercise: Do so for your favorite magic square. 
7Or, my preference, d, counts how many cards larger than the/th smallest appear to the left of it. Either way, the conversion feels perfectly natural after practicing a few times. 

8Exercise: Verify that if your lovely assistant shows you the sequence of cards 37, 7, 94, 61, then the hidden card is the page number in this issue where the first six 

colorful algorithms converge:) 
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